We present a formalism for detection of non-Markovianity through uncertainty relations. We show that when there is an information back-flow to the system from its environment through CP-divisibility breaking, the Choistates corresponding to the reduced system evolution contain at least one negative eigenvalue. The consequent break down of uncertainty relations for such states can be used to witness non-Markovian dynamics. We present some relevant examples of the phenomenon for qubit channels. We further prove that square of the variance of a suitable hermitian operator can act as a non-linear witness of non-Markovianity. We finally show that non-Markovianity is necessary in order to decrease the uncertainty of the states undergoing unital dynamics for qubits.
Introduction:
The theory of open quantum systems provides adequate descriptions of general quantum evolution, enabling physical explanations for dissipation, decoherence and other irreversible phenomena due to interaction with noisy environent [1] [2] [3] [4] [5] [6] [7] . For the case of very large, stationary environment, system will undergo a monotonic relaxation towards a steady state, as a direct concequence of Born-Markov approximation [8] . This type of evolutions are Markovian and can be described by divisible quantum maps [9] [10] [11] . However, when the system-environment coupling is not sufficiently weak, Born-Markov approximation violates, leading to indivisible dynamics and thus providing signatures of non-Markovian information back flow [12] [13] [14] [15] [16] [17] . Though an unambiguous description of non-Markovianity is provided by indivisible operations, there has been an attempt to construct generalized description of non-Markovianity by process tensor formalism [18] . However, information backflow can only be witnessed, if the divisibility of a quantum channel breaks down.
Note that even within the region of indivisible dynamics, experimentally witnessing signatures of non-Markovianity is a challenging task. So far, non-Markovianity and related initial system-environment correlations have been demonstrated in trapped-ion [19, 20] , nuclear magnetic resonance [21] and photonic [22] [23] [24] [25] [26] [27] [28] [29] systems. Here, we try to interlink non-Markovianity with uncertainty relations, another fundamental concept of quantum mechanics and present a novel protocol to detect non-Markovianity via their usage.
Quantum theory restricts the accuracy of simultaneous measurements, which is well explained by the famous Heisenberg uncertainty relation [30] . A stronger lower bound of uncertainty was obtained by Robertson-Schrödinger by including an anti-commutator for more generalized pairs of observables [31] . However for quantum states that are eigenstates of one of the observables, a non-trivial lower bound reflecting incompatibility of the observables may still be obtained by using uncertainty relations based on sums of variances [32] [33] [34] . Other forms of uncertainty relations such as entropic uncertainty relation [35, 36] , and fine-grained uncertainty relation [37] have also been derived. Moreover experimental investigation of different uncertainty relations have been performed. [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] Uncertainty relations have wide range of applicability.
They can be used to justify the complex structure of the Hilbert space [50, 51] , for detecting purity [52] , entanglement [53] [54] [55] [56] [57] [58] [59] [60] [61] , demonstration of EPR-steering [62] [63] [64] [65] , security analysis of quantum key distribution [66] , etc. Drawing inspiration from the literature on the usage of uncertainty relations to witness quantum correlations, we ask the question if it is possible to detect non-Markovianity through uncertainty relations so that it can be verified experimentally. In the present work we apply Robertson-Schrödinger(RS) uncertainty relation to detect non-Markovianity. The main physical principle behind this study is the fact that for non-Markovian evolutions, complete-positivity (CP) breaks down within the dynamics, though CP is necessary for uncertainty relations to hold. Violation of uncertainty relations thus can be used to detect non-Markovianity.
Uncertainty relations for non-Markovianity detection: Robertson [31] showed that uncertainty relations can be found using the property of positive semi-definiteness of a quantum state. More recently it has been proven [55] that positive semidefiniteness of a state is necessary for uncertainty relations to hold. A 2 × 2 matrix ρ 1 = a c c * b with T r[ρ 1 ] = 1 and Det[ρ 1 ] ≥ 0, implies ab − |c| 2 ≥ 0. The Robertson-Schrodinger(RS) uncertainty relation for two observables A and B,
(where expectation values are calculated over the quantum state ρ 1 ) will hold if ab − |c| 2 ≥ 0.
When the system-environment coupling is not sufficiently weak, causing the invalidity of the Born-Markov approximation, CP-divisibility breaks down, leading to the observation of non-Markovian backflow of information. This approach of non-Markovianity via CP-indivisibility has been used extensively in recent literature [12] [13] [14] [15] [16] [17] . It is evident from these studies that CP-indivisibility of arbitrary dynamical evolutions leads to the violation of positive semi-definiteness of the corresponding Choi states [67, 68] .
Consider an arbitrary evolution,
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The Choi state corresponding to this evolution is
where |φ is a maximally entangled state of dimension d × d for a d dimensional system. For a CP divisible evolution M, the corresponding Choi state C M (t, ) ≥ 0, ∀(t, ). However, for some arbitrary CP-indivisible evolution N, C N (t, ) can acquire negative eigenvalues for some time interval . We use this fact to state and prove the following theorem. Theorem 1 : In a dynamical situation, violation of the Robertson-Schrödinger uncertainty relation for the Choi state is sufficient to detect CP-indivisibility.
Proof. Consider the Robertson-Schrödinger uncertainty relation (1) . Clearly, the last two terms in the left hand side of Eq.
(1) are always positive. Let us consider the first term, i.e., the product of the variance of A and variance of B. Now, the variance of A (similarly for B), is T r ρA 2 − (T r ρA ) 2 . The second term of the variance being the square of a real number is always positive, since A is a hermitian operator. If ρ has a spectral decomposition of the form, ρ = i ρ i |i i|, and A 2 = j i A i j |i j|, the first term of the variance becomes,
A being a hermitian operator, A 2 is positive. Hence, all A ii s are positive. But, if complete positivity of the state ρ breaks, then and only then, there is a possibility that T r ρA 2 can be negative, hence making the variance negative. This in turn gives us the sufficient condition for the violation of the uncertainty relation. Therefore, it is evident that for any open quantum system dynamics, CP-divisibility breaking is necessary for violation of the uncertainty relation for the Choi state C N (t, ) for some interval .
Recently, it has been shown that for dynamical maps having Lindblad type generators, one can have a resource theory of non-Markovianity where divisible operations are the free operations and the Choi-states corresponding to the free operations are the free states [69] . The divisible operations can be expressed as Λ M (t 2 , t 1 ) ≡ exp(
, and Choi states (C N (t, )) are defined earlier. It was shown that for a sufficiently small , the set of all Markovian Choi-states having Lindblad type generators will take a convex and compact form (F M ). In a following work [70] , a theory of linear witnesses was further established for detecting non-Markovianity. It was shown that the set of Choi states for divisible operations does not form a polytope. Consequently, we can surmise that linear witnesses will not be sufficient for optimal detection of non-Markovianity, and hence, non-linear corrections of linear witnesses are in order. The possibility of detecting non-Markovianity via violation of uncertainty relations gives us one such opportunity. 
holds, where ∆ 2 (A i ) X is the variance of A i over the state X as defined earlier. We call a state "violating proposition 1" if and only if there are no states C k M ∈ F M and no p k such that above equation is fulfilled.
Proof. This fact is known from a different perspective of entanglement theory [53, 54] . The inequality holds for each A i :
Then, violation of this proposition implies non-Markovianity of the state C M . In fact this proposition is a sufficient criterion, if we choose A i appropriately.
One may be interested to obtain the lower bound of the above derived uncertainty inequality. From the above equation it is clear that the equality holds for pure Markovian Choistates, i.e., if the state C M does not have any decomposition other than itself. Next, one has to optimize over all such pure Markovian Choi-states.
Let us now present some examples to detect non-Markovianity of qubit channels.
Dephasing channel: The Lindblad equation for a pure dephasing channel is given by,
where σ z is the z component of Pauli matrix and γ(t) is defined as,
with g = λ 2 − 2γ 0 λ. It has been shown that the dynamics will be non-Markovian when γ(t) has a negative region and that happen only when γ 0 > λ/2 [71] . Here we calculate the LHS of RS-uncertainty relation (Eq. (1)) R(t) for the Choistate of this dephasing channel under the small time approximation ( << 0), and observe that uncertainty relations get violated only when the Lindblad coefficient γ(t) is negative. This confirms that violation of uncertainty relation is sufficient to show that the dynamics is non-Markovian. Fig. (1) depicts the uncertainty profile as a function of time for the dephasing channel for the observables S x = σ x ⊗ σ y ,S y = σ x ⊗ σ x . Note that, in figure we consider dimensionless quantityt = t/κ and γ(t) = κγ(t) for time and Lindblad coefficient respectively, where κ is a constant of the dimension of time. Spin bath model: Here we use the generalized non-Markovian evolution for a spin-bath model. This type of system has drawn significant interest in recent studies [72] [73] [74] [75] . The model considered here in the present work consists of a central spin interacting uniformly with a collection of mutually uninteracting and completely unpolarized spins, considered as the environment. An exact canonical master equation of the Lindblad form for such a model has been derived earlier [76] . From the master equation of the Lindblad form it was shown that the reduced dynamics of the central spin exhibits non-Markovian features throughout the evolution. The dynamical equation for the mentioned reduced evolution is given byρ
where σ ± = σ x ±iσ y 2 and Γ dis (t), Γ abs (t), Γ deph (t) are the rates of dissipation, absorption, dephasing processes respectively, and U(t) corresponds to the unitary evolution. The uncertainty profile for this particular evolution is depicted in Fig.  (2) , showing the detection of non-Markovianity through violation of uncertainty. Note that, similar to the case of dephasing channel, all the quantities in the plot are made dimensionless, by scaling with the parameter κ.
Improved witnesses of non-Markovianity: As we have mentioned earlier, one can construct NM witness [70] by utilizing the fact that the Markovian Choi states having Lindblad generators form a convex and compact set (F M ) under the small time interval approximation [69] . A hermitian operator W is said to be a non-Markovian witness if the following criteria hold:
There exists at least one NM Choi-state C N such that T r(WC N ) < 0.
Let C M be a Choi-state. Since C M is hermitian, one can have it's spectral decomposition of the form
where P i s are orthogonal projectors corresponding to the eigenvalues λ i . If the state is Markovian (CP-divisible) then C M is a valid state as it has all non-negative eigenvalues. Hence, T r(C M P i ) ≥ 0, ∀i. However, if the operation is non-Markovian, then T r(C N P i ) < 0 for at least one i. So, orthogonal projectors serve as witness. Proposition 2 : Corresponding to a projective NM witness W i , it's variance ∆ 2 W i is also a witness.
Proof. The variance of W i over some state C N as defined earlier is ∆W 2
Since W i is a projector corresponding to the eigenvalue say λ i , W i = |λ i λ i |, so W 2 i = W i = |λ i λ i |. If C N is Markovian, then it has all non negative eigenvalues. We know that variance for such a state cannot be negative, i.e.,
But if the operation is non-Markovian, T r [C N W i ] < 0 for at least one i, say for i = 1, and then the variance for the witness (projector corresponding to the negative eigenvalue) becomes
which is always negative. Therefore, ∆ 2 (W i ) satisfies the conditions 1 and 2, and hence, serves as a non-linear witness.
In fact it is clear that ∆ 2 (W i ) is an improvement over the actual projective witness W i , since the variance contains an additional negative term. There is another important corollary which can be drawn as a consequence of Proposition 2. We summarize that in the following statement. This proves the statement.
One example of such non-linear witness is given in Proposition 2.
Proposition 3 : For two hermitian operators A and B,
where < (·) >= T r((·)C M ), with C M ∈ F M .
Proof. The proof is straightforward. We know (∆A−∆B) 2 ≥ 0 or ∆A 2 + ∆B 2 ≥ 2∆A∆B. Now, the Heisenberg uncertainty relation for A and B is given by ∆A∆B ≥ 1 2 | [A, B] |. Here we observe that choosing a suitable observable is important, so that the expectation value of the observable corresponding to some non-Markovian Choi-state C N becomes negative. Therefore, violation of "Proposition 3" implies detection of non-Markovianity. The reason to propose this sum uncertainty relation is due to the fact that it can detect non-Markovianity through its violation, in cases where the product uncertainty relations may not show violation. Let us elucidate more on this issue of non-Markovianity detection in the context of the following example.
Consider a non-Markovian dynamics having Choi state C N , which has at least two negative eigenvalues λ − 1 and λ − 2 , corresponding to the eigen-vectors |λ − 1 ,|λ − 2 respectively. We shall construct two projectors W 1 and W 2 such that they are non-commutating, i.e.,
They obey the uncertainty relation for any Markovian Choi-states. However, if the dynamics becomes non-Markovian, there is a possibility of violation of uncertainty. Let us first consider the Heisenberg uncertainty relation
Clearly, for the above dynamics the product of variances is positive.
both the variances are negative.) As a result, equation (5) is not violated. However, if one consider the sum uncertainty (4), the LHS is becomes negative. If we now consider two commuting projectors W 1 and W 3 = |λ − 2 λ − 2 |, then equation (5) will never be violated, since the first term being a product of two negative variances is definitely positive, and the commutator vanishes. But, we can see that the violation of equation (4) occurs for this case. These examples show that the sum uncertainty relation (4) is advantageous compared to product uncertainty relations for the detection of non-Markovianity.
Uncertainty based Non-Markovianity quantifier for unital dynamics of qubits: Here we present a special case of qubit channels, for which the RS-uncertainty is found to be a monotonically increasing function under unital evolution. We show that if we restrict ourselves to unital dynamics, then the RSfunction can only decrease under non-Markovian evolution, in the regions where CP divisibility breaks down. Statement 2 : Non-Markovianity is necessary to decrease RS-uncertainty for unital dynamics.
Proof. It has been shown [52] that the RS-uncertainty relation can be used to detect purity and mixedness of a state. The RS-uncertainty relation for a state ρ may be written as
where (A, B, ρ) is defined as,
On the other hand, linear entropy is defined as
where, a qubit ρ may in general be expressed as ρ = I+ n. σ 2 . By choosing A = r. σ and B = t. σ, it has been shown [52] that
Further it has been proved recently [69] that for unital dynamics having Lindblad generator, the Lindblad operators are normal. Based on this property of Lindblad operators of unital channels, it can be shown that
where Q i (t) = [V i , ρ(t)] 2 HS with V i the Lindblad operator for an arbitrary unital channel and X HS = T r[X † X] is the Hilbert-Schmidt norm. Q i (t) is a known measure of quantumness [77, 78] . Combining the above results, here we get
Since Q i (t) is always positive, uncertainty will always increase unless Γ i (t) becomes negative. Hence, non-Markovianity is necessary to decrease uncertainty for any unital dynamics of a qubit.
We plot the evolution of RS-uncertainty quantity with time in Fig. (3) , for a initial qubit ρ(0) = 1 2 |+ +| (where |+ = |0 +|1 √ 2 ), evolving under unital dynamics for the spinbath model given by equation (3). It is clear from the plot that the RS-uncertainty decreases only when the CP-divisibility breaks down. Thus, we propose the RS uncertainty quantity (A, B, ρ) as a quantifier of non-Markovianity for qubit unital dynamics. 
FIG. 3. (Colour online) Plot for RS-uncertainty relation and various
Lindblad-coefficients (Γ dis (t),Γ abs (t),Γ deph (t)) with timet for a qubit undergoing unital dynamics given by the spin bath model. It is seen that negativity of Lindblad-coefficient (and hence non-Markovianity) is necessary in order to decrease uncertainty for this unital dynamics. All quantities are dimensionless.
Conclusions:
To summarize, we develop a framework for non-Markovianity detection using uncertainty relations. We establish that violation of uncertainty relations for Choi states is sufficient to detect non-Markovianity. Our formalism is exemplified in the context of the dephasing and the spinbath models providing signatures of non-Markovian evolution. Based on our approach, we demonstrate certain nonlinear witnesses of non-Markovianity. We further present an example to clarify the advantage of the sum uncertainty relation for non-Markovianity detection. Finally, we show that for unital dynamics non-Markovianity is necessary to decrease the RS-uncertainty for physical states. This enables us to propose a non-Markovianity quantifier for unital dynamics of qubits.
Before concluding, it may be noted that variances of observables have been measured using optical set-ups in several experimental schemes [43, 47, 49] . On the other hand, there has been considerable recent activity towards experimental realization of non-Markovianity under dephasing optical channels [19, [26] [27] [28] [29] . In light of these results, it may be feasible to measure the RS uncertainty experimentally, in order to conclude whether the dynamics is non-Markovian, based on the formalism described by us. It is evident that our approach provides an avenue for experimental investigation of non-Markovian evolution in a quantitative manner. SB thanks SERB, DST, Government of India for financial support. AGM and SB thanks Bihalan Bhattacharya of S.N. Bose Centre for Basic Sciences, Kolkata for useful discussions.
